The aim of this work is to investigate the nonnegative signed domination number γ NN s with emphasis on regular, (r + 1)-clique-free graphs and trees. We give lower and upper bounds on γ NN s for regular graphs and prove that n/3 is the best possible upper bound on this parameter for a cubic graph of order n, specifically. As an application of the classic theorem of Turán we bound γ NN s (G) from below, for an (r + 1)-clique-free graph G and characterize all such graphs for which the equality holds, which corrects and generalizes a result for bipartite graphs in [Electron. J. Graph Theory Appl. 4 (2) (2016), 231-237], simultaneously. Also, we bound γ NN s (T ) for a tree T from above and below and characterize all trees attaining the bounds.
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Introduction and preliminaries
Throughout this paper, let G be a finite simple graph with vertex set V = V (G) and edge set E = E(G). We use [12] as a reference for terminology and notation which are not defined here. The open neighborhood of a vertex v is denoted by N (v), and the closed neighborhood of v is N [v] = N (v)∪{v}. The minimum and maximum degree of G are respectively denoted by δ = δ(G) and ∆ = ∆(G). The corona of two graphs G 1 and G 2 is the graph G 1 • G 2 formed from one copy of G 1 and |V (G 1 )| copies of G 2 where the ith vertex of G 1 is adjacent to every vertex in the ith copy of G 2 .
Let S ⊆ V (G). For a real-valued function f : V (G) → R we define f (S) = v∈S f (v). Also, ω(f ) = f (V (G)) is the weight of f . A signed dominating function (signed 2-independence function), abbreviated SDF (S2IF), of G is a function f :
These parameters were introduced in [3] and [13] , respectively.
A set S ⊆ V (G) is a dominating set if each vertex in V (G)\S has at least one neighbor in S. Gallant et al. [5] introduced the concept of limited packing in graphs. They exhibited some real-world applications of it to network security, NIMBY, market saturation and codes. In fact as it is defined in [5] , a set of vertices
, is the largest number of vertices in a klimited packing set. In [7] , Harary and Haynes introduced the concept of
, is the smallest number of vertices in a k-tuple dominating set. In fact the authors showed that every graph G with δ ≥ k − 1 has a k-tuple dominating set and hence a k-tuple domination number.
A function f :
, is the minimum weight of an NNSDF of G. This concept was introduced in [6] . For more information the reader can consult [1] .
In this paper, we continue the investigating of the concept of nonnegative signed domination in graphs. In section 2, we present sharp lower and upper bounds on NNSDN of regular graphs, by using the properties of the above graph parameters. Specifically, we prove that γ N N s (G) ≤ n/3 for a cubic graph G of order n. In section 3, we show that the lower bound 2(−1 + √ 1 + 2n) − n for NNSDN of a bipartite graph G of order n, given in [1] , is not true as it stands. We correct it by giving a more general result on (r + 1)-clique-free graphs (r ≥ 2) as an application of the well-known theorem of Turán from the extremal graph theory. Also, we characterize all such graphs attaining the new bound. Finally, in section 4 we give lower and upper bounds on NNSDN with emphasis on trees as:
where ℓ and s ′ are the number of leaves and the support vertices with odd number of leaves, respectively. Moreover, we give the characterizations of all trees attaining these bounds.
For convenience, throughout the paper we make use of the following notation. Let f : V (G) → {−1, 1} be an NNSDF of graph G. Define V + and V − as the set of all vertices of G that are assigned 1 and −1 under f , respectively. We consider [V − , V + ] as the set of edges having one end point in V − and the other in V + .
Regular graphs
Favaron [4] and Wang [11] proved that for any r-regular graph G,
and
Moreover, they showed that these bounds are sharp. Also, the following sharp lower and upper bounds on γ s (G) and α 2 s (G) of an r-regular graph G were given in [3, 8] , and [13] , respectively.
We are now in a position to exhibit the main theorem of this section.
Theorem 2.1. Let G be an r-regular graph of order n.
This completes the proof of (ii).
when G is an r-regular graph and r is even. Similar to Part (ii) of Theorem 2.1, an analogous equality for α 2 s (G) can be proved as follows:
when G is an r-regular graph and r is odd. By Theorem 2.1 and the inequalities (1)- (6), we conclude the following theorem.
Theorem 2.2. For any r-regular graph G of order n,
Furthermore, these bounds are sharp.
Balister et al. [2] proved that if G is a cubic graph of order n, then L 2 (G) ≥ n/3. Taking into account this fact and using the first part of Theorem 2.1, the upper bound n/2 given in Theorem 2.2 for a cubic graph G of order n can be improved as follows.
The upper bound in Theorem 2.3 is the best possible. To see this fact, let G 6 be the graph depicted in the following figure. It is easy to see that γ N N s (G 6 ) = 2. By taking multiple copies of G 6 , we have infinite collection of cubic graphs G with γ
The graph G 6 .
(r + 1)-clique-free graphs
We need the following well-known theorem of Turán from the extremal graph theory. 
with equality if and only if G is the Turán graph T n,r and r divides n.
The following lower bound was exhibited in [1] for the NNSDN of a bipartite graph G of order n.
The above inequality is not true as it stands. It is easy to see that the family
serves as an infinite family of counterexamples to (7) (see Figure 1) .
Furthermore, the equality holds if and only if G = H • K (r−1)p+1 in which H is a complete r-partite graph with p vertices in each partite set.
Proof. Let f be a minimum NNSDF of G. Then, each vertex v in V − has at least one neighbor in
Moreover, by lemma 3.1 we have This implies the desired lower bound. Let G = H • K (r−1)p+1 . Then, the function g assigning 1 to the vertices in V (H) and −1 to the other vertices defines an NNSDF with weight
On the other hand, since n = rp + rp((r − 1)p + 1)), we have
Therefore, γ Suppose that the equality holds for a tree T . This shows that
Trees
Moreover, it is easy to see that G is formed from K 1,2 by adding at most one pendant edge to just one leaf of K 1,2 if ∆ = 2. In each of the two cases T ∈ Θ. So, we may assume that ∆ ≥ 3. Since ⌈ Proof. Let f be a minimum NNSDF of T and u be a support vertex. Then there exists a vertex u ′ in N [u] with f (u ′ ) = −1, for otherwise the function f ′ assigning −1 to a leaf of the support vertex u and f ′ (x) = f (x) to the other vertices x is an NNSDF with the weight f ′ (V (T )) < f (V (T )), a contradiction. Also, without loss of generality, we may assume that L u ∩V − is not empty. Otherwise the function p assigning −1 to a leaf of u, 1 to u ′ and p(x) = f (x) to the other vertices x would be an NNSDF with p(V (T )) = γ N N s (T ) (if f (u) = −1, then we consider u ′ as u). Thus, we may always assume that L u ∩ V − = ∅ and f (u) = 1, for all support vertices u of T .
Suppose that there exists a support vertex v which is adjacent to at most ⌈
′ be a leaf adjacent to v with f (v ′ ) = 1. Then, it is easy to see that the function defined by g(v ′ ) = −1 and g(x) = f (x) for each x ∈ V (T ) \ {v ′ } is an NNSDF of T with weight g(V (T )) < f (V (T )), a contradiction. Therefore, every support vertex v is adjacent to at least ⌈ ℓv 2 ⌉ neighbors in V − . Moreover, without loss of generality, we may assume that these ⌈ 
Let γ N N s (T ) = n − ℓ − s ′ and f be a minimum NNSDF of T which assigns −1 to exactly ⌈ ℓv 2 ⌉ leaves for each support vertex v and 1 to other vertices. Assume that T is not a star with even number of leaves. We prove that T satisfies (ii). If T has a support vertex v with even number of leaves, then the function g assigning −1 to exactly ⌈ ℓv 2 ⌉ + 1 leaves of v, 1 to its other leaves and g(x) = f (x) to the other vertices x would be an NNSDF of T with weight g(V (T )) < f (V (T )) contradicting the fact that f (V (T )) = γ N N s (T ). Therefore, T has no support vertex with even number of leaves. We now show that S(T ) is a dominating set in T . If a vertex w in V (T ) \ (S(T ) ∪ L(T )) has no neighbor in S(T ), then k(w) = −1 and k(x) = f (x) for x ∈ V (T ) \ {w} would be an NNSDF with k(V (T )) < f (V (T )). This contradiction implies that S(T ) is a dominating set. Suppose to the contrary that there exists a vertex u ∈ S(T ) such that |N (u) ∩ (V (T ) \ L(T ))| ≥ 2. Then the function h assigning −1 to exactly ⌈ ℓu 2 ⌉ + 1 leaves of u, 1 to its other leaves and h(x) = f (x) for x ∈ V (T ) \ L u defines an NNSDF of T with weight h(V (T )) < f (V (T )), a contradiction. The above argument shows that T satisfies (ii).
Suppose that T ∈ Ω and f is a minimum NNSDF of T which assigns 1 to v and −1 to at least ⌈ 
Concluding remarks
As applications of the concepts of limited packing and tuple domination we exhibited sharp lower and upper bounds on NNSDN of regular graphs. We made use of Turán's Theorem for bounding the NNSDN of (r + 1)-clique-free graphs from below, and bounded this parameter for trees and characterized all graphs (trees) attainig the bounds. It is worth giving exact formulas or bounds for this parameter of some other certain families of graphs. For example, grids, nearly regular graphs, claw-free graphs, etc. We now conclude the paper with the following problem: Problem. How can we classify the other families of graphs by NNSDN?
